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Abstract 

We have built a new kind of manifolds which leads to an alternative 
new geometrical space. The study of the nowhere differentiable func- 
tions via a family of mean functions leads to a new characterization of 
this category of functions. A fluctuant manifold has been built with an 
appearance of a new structure on it at every scale, and we embedded into 
£^ I it an internal structure to transform its fluctuant geometry to a new fixed 

geometry. This approach leads us to what we call fractal manifold. The 
elements of this kind of manifold appear locally as tiny double strings, 
with an appearance of new structure at every step of approximation. 
We have obtained a variable dimensional space which is locally neither 
a continuum nor a discrete, but a mixture of both. Space acquires a 
variable geometry, it becomes explicitly dependent on the approximation 
process, and the geometry on it assumed to be characterized not only by 
curvature, but also by the appearance of new structure at every step of 
approximation. AMS Subject Classification: 58A03, 58A05, 28A80. 
Key Words and Phrases: Topos-theoretic approach to differentiable 
manifolds. Differential geometry foundations. Fractals. 



V5 ■ 1 Introduction 



Up to now there is no real understanding of the nature of the space of an el- 
ementary particle, and the current space-time is not satisfactory for particle 
C^ ' theory [1]. Moreover, Feynnian has demonstrated that the typical quantum 

mechanical paths (that contribute in a dominant way to the path integral) are 
continuous but nowhere differentiable, and can be characterized by a fractal 
dimension 2 [51 [HI [22]. A fractal^ space time was suggested in 1983 by G. Ord 
and L. Nottale [T51[Tn|, but until now there is no mathematical model of such 



^ The word fractal is a new term introduced by Mandelbrot 1141 1151 to represent shapes 
or phenomena having no characteristic length. 



space. Given up the differentiabilitjo to describe the space-time in quantum 
mechanics was suggested early by Einstein without pursuit, and suggested in 
1993 by Nottale [T7], which leads to the scale relativity. Giving up the differen- 
tiability means that we have to deal with the nowhere differentiable functions, 
and the difficulties encountered are as follow: 

i) There are no much tools nor analytic characterization for the nowhere 
differentiable functions [H [21] other than the notion of fractal dimension. 

ii) There is no definition of nowhere differentiable manifolds to deal with 
it, and this is a big challenge. Do we need a class of manifolds with no smooth 
structure on it? Or a class of manifolds with a smooth structure on it? Or any 
other kind of mathematical object which gives us a variable geometrical space? 

A non differentiable manifold with no smooth structure on it is an old 
problem at the time of Milnor, unsolved because of its difficulty. Our purpose 
in the present paper is to investigate the possibility to construct a manifold 
that presents a variable local geometry. For this purpose our plan is as follow: 

a) We approximate the nowhere differentiable function by a mean function 
which follows the geometry of the approximated function 

b) We introduce a new characterization of nowhere differentiable functions, 
and we define a double space called (e-manifolds) using graphs. 

c) We introduce a model of fractal manifold using family of graphs. 

e) At the end, using the process mean of the mean we prove that elements 
of the fractal manifold are double strings with appearance of new structures on 
it at every step of approximation. The fractal manifolds obtained are locally 
neither a continuum nor a discrete, but a mixture of both. 

2 Basic Concepts and Tools 

2.1 Scale and Resolution 

Let [a, 6], a < 6, be an interval included in M, with length I = b — a. It is 
possible to construct a family of subintervals of length I = ^^^ , Vn > 1 . This 
kind of subdivision is countable and the subintervals obtained depend on the 
real numbers a and b. For a non countable subdivision of a unit interval, let us 

consider the length I = — , /3 > real number and wc introduce the following 

definitions. 

Definition 1. We call resolution the quotient of the unit by a real number 
(3 > and we denote it by £ = — , for all /3 > 0. 



■^ In a letter to Pauli [7], Einstein suggested that a true understanding of quantum physics 



could imply to give up differentiability. 



This resolution e takes an infinity of values between and +00, and we can 
extend it by continuity on zero. We admit that the resolution e is equal to zero 
as (5 tends to infinity and we have V/3 > 0, e € [0, +00 [. 

Definition 2. We call scale and we denote it by £ the inverse of the 
resolution, such that £e — 1. 

Let us consider a continuous and nowhere differentiable function f{x), in 
a given interval X C M. Since Vx G I we can not find , •^ , it is impossible 
to draw the graph of this kind of functions. However, it's possible to approxi- 
mate it through differentiable functions. We replace the nowhere differentiable 
function / by the following mean function given by 

f{x,e)^^ r ' fit)dt, VxeJ. (1) 

2e Jx-e 

2.2 Approximation Domain 

For all e > 0, the derivative of the mean function ([1]) is given by f'{x,e) = 
2 • ^'^^ e = we have /(x,0) = lim^^o f{x,e) = f{x) which is 

nowhere differentiable, and f{x,£) is always differentiable for all e g]0, +oo[. 
We call domain of approximation of the function / the set 

Qf = {eeR+ / fix,e) is differentiable on I }, (2) 

Definition 3. We call small resolution domain, and we denote it by TZj, 
the intersection between the domain of approximation Qf and [0, a], < a ^ 1 

7^/ = { e G M+ / f{x, e) is differentiable on X } n [0, a]. (3) 

2.3 Rate of Change 

Let us consider a function f{x), a; € I C M an open interval, where the only 
information we have is given by the following: 

1) The function / is continuous on X. 

2) The function / is nowhere differentiable on T. 

3) The function / is unknown. 

4) The mean function given by ([1]) is defined for all e G Qf. 

What kind of information can we obtain about the unknown function /? 
In this case, we can't say that the main information we have is given by the 
best approximation, and this for the simple reason that we can't determine the 
error of approximation if the function is unknown. One can say by experience 
that the best approximation is given by using the smallest resolution, but the 
problem here is as follow: there is no smallest value of e g]0, 1] (no minimal 
resolution in ]0, 1]). We propose the following lemma 



Lemma 4. 1) Let f be a continuous and nowhere difFerentiable func- 

1 /"'+^ 
tion. If the mean forward F~'"(x,e) — - f{t)dt, and the mean-backward 

^ J X 

1 r 

F~{x,e) = - / f{t)dt, V(a;,£) G / x 7^/, then 

^ J X — € 

2j Let f be a continuous and nowhere differentiable function, if 

F^x,5^,..,5n)^Yv^ ■■■ f{to)dto..dtn-i, a^±. (5) 

yS2, .., <5„ e [0, a], < a < 1, V(5i e 7^/, x e I, then Vn > 1, cr = ± 

f{x) = F {x,5l,..,5n) + }_^5^[ -^ (J Q^ j. (6) 

Proof. 1) It is not difficult to see that 

dF+{x,e) fix + e)- fix) dF+ix,e) -1 , , , fix + e) 

Z = ' Z = — F^ix,s) + . 7 

ox e OS e e 

From the equations (O, one can find 

,, . „, . (dFix,e) dFix,e)\ 
fix)^Fix,e) = e[^-^ ^— j. 

Similar computation for cr = — allow us to conclude. 

2) Using formula ([4]) and by induction over n we find the result. D 

Remark If we have the graphs of the mean forward function or the mean 
backward function for all (x, e) G / x TZf of a nowhere differentiable function /, 
then it is sufficient to study the variation of the mean forward function or the 
mean backward function for all (a;, e) £ I x TZf to obtain the unknown function 
/. It means that we must consider not only one approximation but all the 
approximations given for all e E TZf . We know that the position of an electron 
and his momentum are subject to Heisenberg's uncertainly principle. It states 
that the position and momentum of a particle at the quantum microscopic level, 
can not be measured simultaneously with complete accuracy. Hence, this means 
in our case that it is impossible to determine our unknown function by one 
approximation (even the best), actually, we can not obtain a real description 
of the function / if we consider only one approximatioro out of all. 



^If we can draw the graph of one mean function Fi, then we have a measurement of the 
position {x,Fi{x)) and the momentum simultaneously (since we have —r^)- 



2.4 Double and Multiple Additions 

Let us consider the function given by the formula ([T]) for a given continuous 
and nowhere differentiable function /(x), x G X. This mean function can be 
written as sum of two mean functions 



fix,e) = - 



/(-|,f) + /(. + f,|) 



(8) 



where the functions /(x — |, |) and f{x+ §, §) represent an approximation 
of the function / at the resolution |. The graph of the function /(x — |, |) 
denoted by Tj is a copy of the graph of the function /(a; + |, |) denoted by 
r+, where r+ is obtained by horizontal translation from the graph F". If we 
superimpose the two graphs Tj and r+, we obtain two identical graphs of the 
function / with gap. This procedure can be repeated n times and we have the 
following lemma 

Lemma 5. Let f be a continuous function on T. For all {x,e) E (X x TZf), 
we have 

Proof. For n=l, the formula is verified (addition property of integral) 
and we have f{x, e) — ^{f{x — ^,^) + f{x + |i §))■ We suppose that we have 
the formula ([9]) until the order n, and let us prove it at the order n+1. We 
have 

/(^' ^) = ^ E ^(^ - ^^;^^' |r) + /(^ + ^^;^S' |r) 

and using the addition given by the formula ([8|) of the functions 

/(^ ^^^^'F^ •^^•^+ 2" ^'F^' weobtam 

/(- e)^^Tfix^^^^^e-^- -^) + nx-^^^^e+^- -^) 
J\-^''^> 2"+i Z-^ ■' ^ 2" 2"+i'2"+i 2" ^2"+i'2"+i 

1=1 

+ f(.T + -^^ ^£ -r, -r)+fC2:+-^^ -£-\ rr, rr), then 

/(- e) = ^ y /(.: - ^^^^£ ^) + /(a. - ^^^^e ^) 

•'V'^'^y r,„ + l Z^ ^ V-^ r,„+l '^' 9„+l/ ^ ^ V-^ r,„+l ^' 9,1+1 i 



(4i - 3) £ (4i - 1) e 



With an adequate rearrangement, our sum can be written as 

2 



fix, e) = ^ E-Ii f{^ - ^^, wrr) + f{^ + ^£, 2^) 



1 Z^ •^ V ^ 9n+l 'Ori+l''^''^ Ori+l 'On+l''' 



2"+! / ' •' ^ 2"+-'- ' 2"+-'- 2"+-'- ' 2"+ 

1=1 



For simplicity, we put f{x, e) = E + O with 



2 

E^tAtT fi^~^-^^£^7^) + fi^+^^^^^^7ArT) (10) 

on+l / ^ -^ ^ 2^+1 O^'+l 2^^+l 2'"'+l 

2^1 



O = 77^ i: /(- + ^^e, -^) + /(. - (l^e, -^). (11) 

on+i / ^ -^ ^ 2^^^" 2^^*" 2"^ 2^^ 

z=l 

Now, if we put j = 2i for the formula (|10p . and j = 2i — 1 for the formula pT|) . 
we obtain the following sums: a) Sum over even numbers: 



2"+!^ 2"+i ^'2»+i^ ■'^ 2"+i '2"+i'^ ^ ' 

b) Sum over odd numbers: 

o = -^y fix+ ^"^i "JK , -^) + fix - ^'^i 'JK , -^). (is) 

2n+i / ^ ■' ^ 2"+ 2"^^ y ' J V 2"^^ 2"+ 

i=i 

Finally we see that we have 
f{x,e)^E + 

= ^Tnx-^^^^e^)+f(x+^^^^^e^) (14) 

4 = 1 

and then the result Vn > 1. D 

Remark The simple addition given by the formula ([8]) can be repeated n 
times to obtain the formula ([5]), where f{x— l^ e, ^) and f{x+ ^ ^~ ^ e, ^) 
for all n > 1, i = 1, 2 . . . , 2"~^, are the mean functions of / at the resolution ^. 
As an example of nowhere differentiable function we mention the Weierstrass 
function given by Wa{x) = X]m=i 9~"™ exp {iq™x) 



For n = 1, we obtain 2 identical graphs of approximation. 

For n — 2, we obtain 2^ identical graphs of approximation. 

For n = 3, we obtain 2"^ identical graphs of approximation. 

For a given integer n, we obtain 2" multiple identical graphs of approxima- 
tion. If we write /(x + |, |) as an addition of two identical mean functions, we 
will obtain an odd number of non-identical graphs. 

2.5 New Characterization 

Let consider, for e e TZf, Fg = {{x,y) G M / y = f{x,e), x e 1} the graph 
associated to the mean function given by JT]). 

Let Tf = {{x,y) G M / y = f{x), a; G Z} be the graph associated to the 
nowhere differentiable function /. Let (M ,p) be a metric space, and let us 
consider the Hausdorff ([IQ]) measure given by 

dh(re, T/) = Max sup^gr, infserj p{A, B), sup^gr^. infser, p{A, B) . 

The mean function given by ((!]) converges uniformly to the nowhere dif- 
ferentiable function /. We say that the curve F^ converges to the graph V f 
if dft,(re,F/) tends to as e tends to 0, and that two curves Fi and F2 are 
disjoint if dhiTi, F2) > 0. We have the following criterion: 

Lemma 6. Let f he a continuous function on I C M, then 

i) f is nowhere difFerentiable on 1 <=^ V e G TZf, dh{T^ ,rf) > 0. 

a) f is difFerentiable on X <;==> 3 e G 7?./ such that d;i(F~, F+) = 0. 



Proof. For 

dh{Tf,T^) = Max sup inf p{A,B), sup inf p{A,B) 



where 



A = {x,y) G F+, S = {x',y') G F", and p{A,B) = ^[x - x'Y + [y ~ y'f 



For x' = X + £ we have f{x' —§,§) = I{x + e — |, |) = f{x + |, |), then we 
have p{A,B) — ^/e^ = e and d;i(F+,F^) = e, and following the definition of 
TZf we can conclude. D 

The last property can be considered as a criterion of nowhere differentiabil- 
ity for functions. 

3 Fractal Manifold 

We have seen that the geometry of the nowhere differentiable functions could 
be determined by the study of the variations of mean functions ([T|), we have 



seen also that the nowhere differentiabihty can be characterized by considering 
the superposition of the graph of the forward-backward mean functions. In this 
section we want to construct manifolds, which present locally an appearance of 
new structure at different scales (using differentiable objects), and we want to 
know if it is possible to construct a differentiable geometry on it. We will call 
it "fractal manifold". This new object will allow us to construct a new space. 
The graphs of the family of mean functions \f(x,e)] could be considered 

globally as a fractal manifold of dimension 1 (the graphs have appearance of 
new structure at different resolutions), however, locally it doesn't present any 
new structure for different resolutions since it is homeomorphic to M. The new 
idea is to consider the mixture of the family of mean functions and the local 
information given by the superposition of the forward-backward mean function 
that characterizes the nowhere differentiable functions. 

3.1 Introduction of the e-Manifolds 

Let us consider /i , /2 and f^ three continuous and nowhere differentiable func- 
tions, defined on the open interval 2. The graphs of these functions are given 

by Ti{J) — < (a;, y) e M /y = fi{x),x G I k i = 1,2,3. Let us consider the 

backward-forward mean functions given by 

Mx - f, I) = - / Mt)dt, and Mx + |, |) = - / Mt)dt, for 

^ Jx-e ^ ^ ^ Jx 

i — 1,2,3. We denote respectively their associated graphs: rf^,r2^j,r3g 
where a — ± for the forward-backward. We see that the graphs Ff g,r2 ^iLg^ 
converge to the graphs ri,r2 and Fs as e tends to in a Hausdorff metric 
space (M ,dh)- By definition of the set TZf, we have TZj^ — TZj^ — TZf^. The 
set FJ_£ X Fg e X Fg ^ is included in M . Let us consider the metric space (M , d/i) , 
then following the proof of the lemma [SI it's easy to find 



^"(rr. 



X ^2^e X ^le , r+ X F+ X F+,) = VSs. (15) 



which means that the Hausdorff distance between FJ^ x Fj ^ x Fg ^, <t = ±, 
increases or decreases as a line with slope VS. We introduce what is called 
e-manifold or a local double space at the scale e: 

Definition 7. Let e be in TZf and let us consider the application 

3 3 

T, : n F,+ X {£} ^ [] F- X {e} defined by 

i=l i=l 

re((ai,6i), (02,62), (03,^3)) = ((«! +£,bi),{a2 -f-e, 62),(a3 + £,63)), where 
{at, hi) e F+, that is to say h = Mai + :r, :r) = - / Mt)dt, for « = 1, 2, 3. 



Proposition 8. For all e € TZf, we have the following properties: 

1) the application T^ is well defined. 

2) T-i exists. 

3) Tg is an homeomorphism. 

4) Te and Ts~^ are differ entiahle. 



Proof 1) Let ((ai, 5i), (03, 62), (03, 63)) G IlLi r+ x{e}, then for i = 1, 2, 3, 

£ £ £ £ _ 

we have h = fi{ai + - -) = /j((ai + e) - -, -, ) then (a^ + e, hi) e T^^, and 

((ai + e, &i), (02 + e, 62), (03 + £, 63)) e JlLi T^e x {e}. 

2) (7;)"^((ai, 61), (02, 62), (03, ^3)) = ((fli - £, ^1), (02 - £, &2), (03 - £, &3)) 

3) and 4) T^ and (T'g)^'^ are continuous, difFerentiable as composite functions 
of continuous and differentiable functions. D 



Definition 9. Let e be in TZf, and Me be an Hausdorff topological space. 
We say that M^ is an e- manifold if for every point x S Me, there exist a 
neighborhood Vt^ of x in Mg, a map (p^, and two open sets V^ of Hi^i ^J x {e} 

and y^" of nLi r~ X {e} such that (pe-^e — ' V+ , and TeOip^-^e — ' V- 
are two homeomorphisms. 



M, 



-^^ — >- ntiT+xM 



TeO(ps 



nliTrexM 



Figure 5. Diagram of e-manifold 



One can just say that M^ is an £-manifold if M^ is homeomorphic to 



rii^i '^te X i^}' ^'^'i ^^ have automatically the second homeomorphism T^ 



"Pe- 



Definition 10. A local chart on M^, for a given e e TZf, is a triplet 
(Jig, ife,TgOipe), where il^ is an open set of M^, (yj^ is an homeomorphism from 
J7e to an open set V^ of Jli=i T^g x {e} and T^ o ip^ is an homeomorphism from 
fig to an open set V^ of ni=i ^^e ^ i^}- 

A collection (D,g^i,ipg^i,ipg^i)i^j of local charts such that Uigjil^.i = M^ is 
called an atlas. The coordinates of a; G fig related to the local chart (fig, (/3g, TgO 
i^g) are the coordinates of the point (pe{x) in Jli=i T^g x {e}, and of the point 

rg0^g(x)innLir-x{£}. 

Definition 11. An atlas of class C^, on Mg is an atlas for which all changes 
of charts areC"'^. That is to say, if (fig^i, (/3g^i,TgO(^g ,), and (fl£j,(pej,TgO(pej) 



are two local charts with fig.i n ile.j 7^ 0, then the map change of charts (^e.y — 
(fie j o ((^gj)^^ from (fig i(flg i n ^e j) to (psj{flei n r^ej) is a diffeomorphism 

of class C\ and the map change of charts (tJo ^,,) o (t, o ^,,) " from 

Te o 'y3£,i(f^e.i H ^e,j) to T^ o (p^ j (il^ ^ C] ^s,j) IS a diffeomorphism of class C^. 

We consider the following relation of equivalence between atlases of class 
C^ on Mg-. two atlases {Q,e,i,iPe,i,Ts o ips^i)i^i, and {^ej,ipej,Te o (pgj)j^j of 
class C^ are said to be equivalent if their union is an atlas of class C^. That is 
to say that ipe^t o {(fs,j)~^ is C^ on ipej{ne^i n ^s,j) and Te o ip^i o [T^ o ip^j)~^ 
is C^ on Te o ipi^j{^ft^i n ilej) when fig^i n ^e,j 7^ 0- 

Definition 12. A differentiable e-manifold of class C^, e E TZf, is an 
e- manifold together with an equivalence class C^ atlases. 

Examples of Atlas: 1) The basic example is given by the space ni=i ^7s^ 
for £ e TZf. The set of one element { ( JJi^i T^^, id, T^ j } is an atlas of class 
C^, where 

3 3 

^e":rir-,^nr+, 

1=1 i=l 

[{xi,yi),{x2,y2)Ax?„y:i)j ' — > i^{xi - e,yi),{x2 -e,y2),{x3 - e, ^3) j , 

and id is the identity of Y[i=i ^Ts- 

aple is : 
set of one element { ( Hi^i T^^, id, 7"+ j }, where 



2) Similarly, an example is given by the space Y[i=i ^te^ for £ G M . The 



i=l i=l 



[{xi,yi),{x2,y2),{x3,y3)) ' — > {^{xi +e,yi),{x2 +e,y2),{x3 +£,2/3)] 
and where id is the identity of Y[i=i ^te^ ^^ ^'^ atlas of class C^ . 

3.2 Fractal Manifolds: Prototype 

3.2.1 Diagonal topology 

Definition 13. Let A = IJee/ ^e ^^'^ ^ ~ Uee/ ^e be two subsets of 
E = IJgg/ Eg union of Hausdorff topological spaces, / C M an interval, such 



10 



that Ve G I, Ag and B^ are subsets of E^ . We call diagonal intersection between 
A and B the set 

AnB=[j(^A,nB,'^ (16) 

eel 

Definition 14. Let / C M be an interval. A diagonal topology 7^ C 
ViE) of a set _E = IJee/ ^e union of HausdorfF topological spaces, where the E^ 
are all disjoint or all the same, consists of subsets of E that verify the following 
axioms: 

(i) (/) e 7^, and S e Td, 

(ii) Lui e Td, UJ2 e Td => lui n lu2 e Td, 

(iii) Ui e Td, \fi e J => [Juji eTd. 

The elements uji E Td are called open sets, {E,Td) is called diagonal topo- 
logical space. 

Proposition 15. Let E — IJee/ ^e ^'e an union of Hausdorff topological 
spaces all disjoint or all the same, and let 

Td = {n^ Ueei^e CE/ Ve e /, n^ e E, }. 

Then Td is a diagonal topology on E. 

Proof, (i) is obvious. 

(ii) If ui ~ Ueg/ilie G Td, and ll)2 = Ueei^2s <= Td, then we have 

wi n W2 = U [^le n r^ze) e Td. 

eel 

(iii) For uji — Ueei^ie G Td,yi G J, we have 

(J Wi = (J UeeKjf^ie = U '-^^ejf^ie 

ie.J ieJ eeUf 

since S^ is a topological space then we have \ \ uji E Td D 

ie.J 

Definition 16. Let E — IJ^gj E^ be an union of Hausdorff topological 
spaces all disjoint or all the same. Let x^ E E^ Ve E I. A subset fl C E is 
called a diagonal neighborhood of Xe, Ve E I, if there exist oj E Td such that 
oj C ft and Ve E I, Xe & w. 

3.2.2 Prototype 

Let us consider a family of Hausdorff topological spaces Eg, \/e E I, I cM. , 
all disjoint or all the same, and E — U^e/ ^e- Let x : I — > i<^ be a continuous 
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path on E. If Ve G /, fi^ is an open neighborhood of x{e) in Eg , then the 
set ^{Range{x)) = Uee/ ^e is a diagonal neighborhood of the set Range(x) — 
Ue^jixie)} in E. 

Definition 17. Let E — IJ^g/ E^ union of Hausdorff topological spaces, 
where the Hausdorff topological spaces E^ are all disjoint or all the samcl. 
We say that E admits an internal structure x on P E E, ii there exists a C° 
parametric path 

e ^^ x{e)EEe, ^ ' 

such that Ve S /, Range{x) (lE^ — < x{e) >, and 3 e' £ I such that P — x{e') G 

Ee'. 

Remark. The continuity of the internal structure is defined by the diagonal 
topology 7^ (ie. V 57 G 7^, x~^(ri) is an open set of /). 

Definition 18. Let E = IJ^gj E^ be an union of Hausdorff topological 
spaces all disjoint or all the same. Let x, y be two internal structures on it. 
We say that x ^ y -^ 

i) 3 e' G TZf such that x(e') — y{e'). 

u) 3 9 : I — > I diffeomorphism such that x — y o 9. 

Proposition 19. 1) The relation " ~ " is an equivalence relation. 
2) If X ^ y then x — y. 

Proof. 1) Using the definition of internal structure, it is not difficult to see 
that " ^ " is an equivalence relation. 

2) Let us consider two paths of class C" x and y such that x ~ j/, we have 
then Ve G /, x{£) G Eg and y{e) G Eg, and we have x{e) = y o 9{e), Ve G /. 
If we suppose that 9 ^ id, then there exists eo G / such that 9{eo) ^ eo, 
we put ^(eo) = e'. We have x{eo) — y ° d{£o) then a;(eo) = 2/(e') which 
yields a;(eo) G Egg and a;(eo) G Eg/, impossible then 6 — id and Ve G /, 
xie)=yie). D 

Definition 20. Let E — IJ^g/ Eg be an union of Hausdorff topological 
spaces all disjoint or all the same. Two points of E are equivalent if only if 
their internal structure are equal. 

Definition 21. Let E = [J^^j Eg be an union of Hausdorff topological 
spaces all disjoint or all the same. Let a; : / C M — > Ugi=iEg be an internal 
structure on it. We call object of E the set Range{x). 



''Either E = U^eiEn is a disjoint union, or Ve £ I, Be = Eg and then E = Eq. 
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Definition 22. A diagonal topological space {M,Td) is called fractal 
manifold if M = UeeK -^e, where for all e G 7?,/, M^ is an e-manifolds, and 
if yP E M, M admits an internal structure x on P such that there exist a 
neighborhood n{Range{x)) — U^^-ji.^e, with fi^ a neighborhood of x{e) in 
Me, two open sets V~^ = UeeTZfV^'^ and V~ = UegKj,!^", where Vf is an open 
set in n?^^rfg X {e} for a = ±, and there exist two families of maps ((^e)eg7^j. 
and (Tg o (p^)^^'^^^ such that (pe : ^e — ^ Ve^ and T^ o (p^ : Q,^ — > l/~ are 
homeomorphisms for all e € 7?./. 

Remark. 1) Of course, if the family {ip^)i;^Ti^ exists, then the family 
(Te o ip^)^^Ti exists automatically. 

2) According to the Proposition [111 we can associate for each P G M only 
one path, and two points of M are equivalent if only if they are on the same 
path. 



Definition 23. A local chart on fractal manifold M is a triplet {fl, (p, Toip), 
where fl — UeeK ^£ i^ ^^ open set of M , ip is a family of homeomorphisms 
ip^ from r^e onto an open set V^ of Y[i=i ^te ^ i^i ^^"^ T o (^ is a family of 
homeomorphisms T^ o p^, from 17^ onto an open set V~ of Y[i=i ^7e ^ i^i ^'^^ ^^^ 
e € 7?./. A collection {fli, (pi, {To ip)i)i^j of local charts on the fractal manifold 

M such that U.gjl^j = Ui^J [JeeTZf ^i.e = UeSK^ U,eja,e = UeGK; ^^ = ^^' 

where Ui^ji^i^e = M^, is called an atlas. The coordinates of an object P C fl 
related to the local chart (fi, ip,T o ip) are the coordinates of the object ip{P) 
in UeeK, nil r+ X {£}, and of the object T o ^(P) in [Jeen^ ULi ^7e x i^}- 

Definition 24. An atlas of class C^ on a fractal manifold M is an atlas 
for which all families of changes of charts are C^. That is to say, if we have an 
atlas of class C^ on M^ for all e E TZf, then we have a family of atlases of class 
C^, which gives us an atlas of class C^ on M. 

We consider the following equivalence relation between atlases of class C^ on 
a fractal manifold M: two atlases {fti, (pi, {Toip)i)i^i, and (Oj, ipj, {To ip)j)j£j 
of class C^ are said to be equivalent if their union is an atlas of class C^ on 
M. That is to say that if we have an equivalence relation between atlases of 
class C^ on M^ for all e G TZf, then we have a family of equivalence relations, 
which gives us an equivalence relation between atlases of class C^ on the fractal 
manifold M. 

Definition 25. A fractal manifold M of class C^ is a fractal manifold 
together with an equivalence class of C^ atlases. 

Remark. 1) The element a;(e) e M^ has 6 local coordinates in a rectangular 
coordinate system (considered as a subspace of (M ,0?^,)). In a local chart 
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we have: 



^e{x{e)) = (^{xi{e),yi{e)),{x2{e),y2{e)),{x3{e),y3{e)) 



clement of 



nti r+ X {£}, and 



Te o (pe{x{e)) ^ y{xi{e) + e, yi{e)), (x2(e) + e, y2{e)), (xsie) + e, ysie))) , 
element oiYl^^^i^ is >^ {i^},^'^ereyi{e) = fi{xi{e) + ^,^) for i^ 1,2,3. 

3 

2) The sets (1 j r^^)egK^ , for cr = ±, are disjoint for the Hausdorff distance, 

but not necessarily for another metric. Even when the sets Y[i=i ^ie ^ i^}' ^^^ 
(T = ±, £ e TZf, are always disjoint. 

3.3 Example of Fractal Manifold 

An example of fractal manifold is given by the following lemma and we will see 
later on why this name. 



Lemma 26. Let /i,/2, and /s be nowhere differentiable functions. Let 
fi{x + ^, |), and fi{x+^, |) be mean functions of the functions fi, for i^l,2,3. 
If we associate the graph F^ to the function /i(a; + |, |) (respectively, F^ to 

the function Mx+^, |)j for i=l,2,3. Then [JeeUf IlLi ^te ^ i^} ^^ ^ ^^ scafe 
manifold homcomorphic to {J^^-j^ Y[i=i ^t^ ^ i^}' ^^^ ^^ have the following 
diagram: 3 

eGK/ i=l 



- UeTz^ntiTixH 



(T| o tp^)^ 



m)e 



UeTz.nLrrixM. 



Figure 6. Diagram of the scale manifold UeeK ni=i ^ts x {e} 



Proof If for z = 1,2,3, Ti^+ represents the graph of the forward mean 
function /^(x + |, |) of the nowhere differentiable function /i, at e resolution, 
and Fj^ represents the graph of the forward mean function fi{x+^,j) oi fi 
at I resolution, then one can define 



\^j Ji\^ ' 2T 2)) 



(,x + |,/,(x+f,|)). 
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Its not difficult to see that: 

1) (/?£ is continuous: each coordinate function is continuous, as composite 
function of continuous functions. 

2) .^-1 exists: ip~^{x,yi{x,e)) = {x - j,yt{x- |,2e)) 

3) (fij^ is continuous for the same reason as (p^. 

Then (^g is an homeomorphism from Ti^+ onto F^, for i=l,2,3. We can 

"2" 

generahze this resuh to the product of three graphs, and we obtain an home- 
omorphism of the form ipf, : Y[i=i ^te ^ i^i — * Y[i=i ^~L ^ i^i' ^^'^ ^^ have 

"2" 

the foUowing diagram: 



Me = nLir+x{e} 



T§ oip, 




ntir;.x{£}. 

Figure 7. Diagram of |-manifold 



Internal structure can be found on M TTril. x {e}- 

e^Tlf 1=1 
3 

Indeed, VP G |J J]^ r,+ x {e}, there exists e' G 7^/ such that P = x{e') = 



e£TZf i=l 



(xi,y{xi,e'),X2,y{x2,e'),X3,y{x3,e')] where y{xi,e') = fi{xi + §-,%) for i 
1, 2, 3, and where the internal structure is given by the C" parametric path: 



x:TZf^ U,eK, Illi r+ x {e} 



x{e) = [xi,y{xi,s),X2,yix2, e), X3, y{x3, e)j G JlLi TJ x {e}> 



(18) 



and we have Ve G 7^/, i?a?i(7e(a;)nni=i T^xje} = j x(e) >. The Xi are constant 

and the y{xi,e) are of class C^. Using the definition [^ we obtain a fractal 
manifold 






(19) 

n 



3.4 Elements of the Fractal Manifold 

By definitions [171 the map x : TZf — > M describes the evolution of one repre- 
sentative clement x{£) of x. This map is a continuous path of e, and objects of 
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M are not "points" but ranges of diffcrcntiable paths parameterized by e € TZf. 
An element x{e) of M^ is represented in local coordinates by two points, then an 
object P of M is represented in local coordinates by Range{x~^) U Range{x~) 
where the paths a;+ and x^ are given by: 

£1 — > Lp^{x{e)) 



and 



3 



eeUf i=l 



(21) 



Then locally, an object of the fractal manifold M is not a "point" but a 
disjoint union of sets of points (double copy) , it can be seen as a double string. 

V (22) 

Remark. We have d{x'^ {e) ^ x^ {e)) = e^/i for all e G TZf then the ranges 
of the two paths become closer as e tends to 0, but £ 7^ 0. If an object of 
fractal manifold is always locally represented by a double string it will never 
deserve the name fractal. In the following section we will prove the appearance 
of substructure into it. 

4 Process Mean of the Mean 

Actually, the principle of approximation of the nowhere diffcrcntiable func- 
tion by an infinity of forward and backward mean functions, can be made for 
differentiable functions too. Which means that we can define our nowhere dif- 
ferentiable function by a family of diffcrcntiable functions, and we can also 
define the family of diffcrcntiable functions by another family of differentiable 
functions. The procedure can be repeated indefinitely. Visibly, repeating the 
procedure seems to be useless. In this part wc will explore the hidden informa- 
tion we get by repeating the procedure indefinitely. But first of all, we have to 
introduce "points" in our new manifold. 

4.1 Points and Elements: Toward a New Geometry 

All the classical physical spaces are manifolds, sets of points with structures. 
In physics, a point is a pyridoxal object with zero extension, it's a limit entity 
that no one have ever seen. Points are without depth and their accumulation 
gives a space or a continuous manifold. Point is the origin of many difficulties in 
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physics: divergence in classical and quantum physics, singularity in cosmology 
and general relativity, divergence in quantum field theory... etc. The Heisen- 
berg's uncertainly principle prohibits a perfect localization, which means that 
point is inaccessible. Many physicists tried to introduce a new space without 
points, with elementary cell " Atom Space" , with the hope to make disappear 
the divergences and to clarify naturally the impossible localization in quantum 
mechanics. In mathematics, point is assumed to be dimensionless, in axiomatic 
geometry, usually a completely undefineco(primitive) element, although there 
are axiomatizations of geometry in which those properties of point that are 
desired, are given by postulateqj. Any physical representation of a point must 
be of some size, if we draw a dot (point) and we magnify it, we will find a 
small surface. At this level, if we erase the small surface and we put another 
dot instead, and we magnify it again, we will obtain another small surface etc. 
We can repeat this procedure indefinitely, and if we want to introduce a notion 
of point, we have to take into account all the points of view given by magnifi- 
cation. An intuitive new postulate is as follow: A point is that which has no 
parts for a given scale. 

Lemma 27. Let 51,52, and 53 be differentiable functions, and let gi{x + 
|, |), be the mean functions of the functions gi, for i— 1,2,3. If we associate the 
graph TiQ to the functions gi{x) (respectively, V^^ to the functions gi{x + a^, |), 
a = =F; for i— 1,2,3). The product 11^=1 -^io is a fractal manifold of class C^ 
homeomorphic to UeGTC 11^=1 ^ts ^ {^}j ^^'^ ^^ have the following diagram: 



(Ts o ips)s 






Proof Let 5 be a differentiable function, and let S E TZg. If we denote Fq 
the graph of the function g and F^ the graph of the forward mean function 
5(0; + |, |) oi g at S resolution. We consider ipg : Fq — > F^ defined by 

AAA 1 /'^+f5 

{x,g{x,0)) I — > {x + -,g{x+ ■^,^)), where g{x + |,|) "= ^ / 9(t)dt, and 



^In Euclid's geometry: a point is that which has no parts IIII I6I. 

^In a geometry in which Une is a primitive element, points may be defined as classes of 
lines that conform to certain requirements (postulates). In n-dimensional metric analytic 
point geometry, a point may be defined as an ordered n-tuple of numbers... etc. 
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g{x, 0) = g{x). Then we have: 

1) ifs is continuous: each coordmatc function is continuous, as composite 
function of continuous functions. 

2) ipj'^ exists: ipJ^{x,y{x,S)) ^ {x - ^,y{x- f)) 

3) cpj is continuous for the same reason as tpg. 

Then (ps is an honieomorphisni from Fq onto F^ x {6}. For three dimensions 
we have to consider Tf^ the graph associated to the forward mean functions 
of the differentiable functions gi, and we denote F^g the graph associated to 
the functions gi, for i = 1,2,3. By the same, we obtain an honieomorphisni 
^^ '■ Ili=i Tio — > rii^i ^ts ^ i^}' ^"^^ t^*5n Hi^i Tio is a (5-manifold, and we 
have the diagram given by Fig. 8. 




ntir,^-x{<5}. 



Figure 8. Diagram of (5-manifold 

3 3 

An internal structure can be found on M 1 I F^o = 11 ^io- Indeed, for 

SeTZg i=l i=l 

3 

aU P e [J JJFjo, we have P = fa;i,2/(a;i),a;2,y(a;2),a;3,y(x3)j and then for 

seTlg i=l 

y{xi) = yi constant for « = 1, 2, 3, P = (xi, yi, a;2, 2/2, 2:3, 2/3) (which means that 
for every scale we consider the same point), and where a C° parametric path x 
is given by 

x-.Tlg — > U^g7^g Oi^i Tio /23) 

(5 1 — > x{5) = {xi,yi,X2,y2,x3,y3) e nLiTio 

and we have V(5 G TZg, Range{x)nY[i^i ^^ = i -f f • Using the definition [22l for 

3 

Ms = Y[i=i ^iOj "^6 obtain a fractal manifold M = I J Mg = I J TT F^g = 

SeTZg SeTZg i=i 

3 3 

TT Fio, homeomorphic to I J TT F^ x {S}, and then we have the result. Since 

i=l SeTZg i=l 

Yli=i Tjo is homeomorphic to Oi^i ^10 x {e} for e e TZg, then ni=i ^io x {e} 



is homeomorphic to M TTf^ x {6} x {e}. 



n 



SeTZg 1=1 
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Corollary 28. For e G TZg, the manifold given by ni=i -^io x {s} is a 

3 

fractal manifold of class C^ homeomorphic to I J TT T^ x {5} x {e}, and we 
have the following diagram: 



SeK„ i=l 



^^ = nLir.ox{e}. 



i;^^ Ue^nLr+x^xW 



{Ts o ips)s,i 



(Ts) 



S,e 



Figure 9. Diagram of (5-manifold at a given e 

We can generalize the last result to a three dimensional differentiable man- 
ifold A/q, indeed, if any three dimensional differentiable manifold Mq is home- 
omorphic to nj=i Tjo (Lemma [27| then Mq is a fractal manifold 

Corollary 29. Let 51,52, and 53 be differentiable functions, and let gi{x + 
|, |), be the mean functions of the functions gi, for i=l,2,3. We associate the 
graph Tio to the functions gi (x) . If Mq is a three dimensional differentiable 
manifold homeomorphic to the product Y[i=i Tjo then Mq is a fractal manifold. 

If we consider an object P of the fractal manifold Y[i=i Tjo x {e}, it's 
represented in local coordinates, in Hi^i ^f^ x {6} x {e}, by two points de- 
noted by x+(5), x^{S) for all S y^ 0, and by one point for 6 = given by 
a:+ (0) = xj (0) (using a classical notation of point) . At this level, an object P of 
rii^i Tio X {e} is represented in local coordinates, in U^gtz Ili^i ^ts ^ {^} ^ i^i' 
by Range{xf) U Range{x~), where the two paths x'^ and x~ are given by: 



7^o 



and 



Tin 



unrixw 

-^ ^s{Xe{5)) 



u nr.^-xw 

-^ Ts o ipg{x^{5)) 



(24) 



(25) 



with x^(0) = Xg (0), then an object of the fractal manifold M = Hi^i ^io 
at the resolution e looks like 

V (26) 
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and we have d{xf{S),xJ {S)) — v3(5 for all S €TZg, then the two paths become 
closer when S tends to 0, and for S — the two strings intersect at one point. 
An element x{e) of M^ introduced in definition 1221 is then represented in local 
coordinates by two elements, one from Y[i=i ^te ^ {^} which has the form 
given by (|26p . and one from ni=i ^Te ^ {^} which has also the form given by 
((26|j ^l. and where the distance in a Hausdorff metric space between the two 
elements is \/3e- Then an object P of AI is represented in local coordinates 
by Range{x'^) U Range{x^) where the two paths x'^ and x'^ are given by the 
formula (|^D|) and (PT|) respectively, such that x^{e) and x~ {e) are two copies 
given by the form (pS)) : 

V V (27) 

At the end an object of the fractal manifold M = lJee7^ -^^e i^ represented 
by the union of the range of x^ and x~ given by the formula (|20p and pill 
respectively (Fig. 10a). 



V 





Point Step 1 Step 2 Step 3 



Fig. 10a - One illustration of classical point in fractal manifold after 3 steps 



Remark. If we use definition [511 £^n element of the e-manifold M^ corre- 
sponds to two points (with a classical notion of point). If we take into account 
the corollary[28l an element of the e-manifold M^ becomes a double set of points 
of the form (|27p . The procedure given by corollary [28] is a transformation of 
one string of length L to one surface (see Fig. 10b), then we have appearance 
of new structure. 



''We apply corollary [28l for the graphs Tio = r+ of gi = /,(x + f , f ) for 1=1,2,3. 
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73 



« 



Using double mean of / 

V(£,5)G]0,l]x[0,l] 



v/ 

V 

\/ 
v/ 

V 

\/ 
v/ 

V 

\/ 
V 



Natural construction 



Figure 10b. One illustration of one string in fractal manifold M as represented 
inU6,z,U67^,ntirr.x{5}x{e}. 



4.2 Substructure 

The fractal manifold deserve this name because of the appearance of new struc- 
ture at every step. Indeed 

4.2.1 Step 1: Mean of nowhere differentiable functions 

For the nowhere differentiable function fi, i=l,2,3, introduced before, the def- 
inition [22l gives us the following diagram where ipi — {fe)ei Ti — (Tj)^, and 



^^-UsQ.^^e 



'Pi 



Ti o ipi 



Ti 

UeT^.nlirrsxM, 



We can obtain the same diagram if we use an unknown differentiable func- 
tion. The diagram denoted before for the fractal manifold represents actually 
a family of diagram of e-manifold for all e € TZf . 
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4.2.2 Step 2: Mean of the mean 

Using the process mean of the mean to approximate the mean functions fi{x, e) 
of fi by another family of mean functions gi{x,di) (we just replace Ili^i Tio 
by 11^=1 ^ie ^^ corollary [28)1 for ai = ±, we obtain a second diagram: 

M. = ntr r- X {el^^P!^ U.,e7^., UU ^^t >< i'^i} x {e} 



{Ts, o ips^ )1l^ 



(Ts.)Ze 



u,e7^.,nlirr,v-x{5i}x{e}, 



where for ci = ±, {'psi)'s^ ^ represents two families (Vi5i)5^eK^ ^^ the resolution 
e (respectively for (T^j)^^^ and (Ts-^ ° VSi)'s'' ^), with TZs^ ~ [0,1]. The union 
over e G 7?,/ gives us a new diagram : 



a.7^,nLir-x{e} 



^? 



(Ta o (^2)"^ 



-^ae7^,u,e7^.,ntirsrx{5i}x{£} 

UeT^, U,e7^., nil rr/r x {^i} x {e}, 



where (p^^ = ((<^5i)^,\Je, (T20^2)'^^ = ((^5,0(^,^-1^,, and T^^^ = ((T5j^,\Je, 
ai = ±. Using the diagram of the step 1, we obtain two new diagrams for the 
fractal manifold M (at this step we observe an appearance of a new structure 
[lailllEI]): 



M 



ft °fi 



(T2 O 1^2)+ o ^1 



and we have 



-- Ue7^,U.e7^.,^ll^+;+x{5l}x{e} 



T+ 



Ue7^,U,e7^.,^tl^r.^x{'^l}x{£} 
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09, O Tl O G9i , , 



4.2.3 Step n: Mean of the mean n times 

By induction over n > 1 and using the step 2, we will find 2'"^^^ diagrams 
of the form given by Fig. 11, where Lpk is a family of homeomorphisms for 
2"-i < fc < 2" - 1, Tfc is a family of translations for 2""! < fc < 2" - 1, and 
where <tj — ± for j — 1, ..,n — 2. We know that Lp^, T^ are families which 
depend on e, (5i, ...., (5„_i for all 2""^ < fc < 2" — 1, we denoted them with 
only one index k just for simplicity. The number n represents the steps of 
magnification, and k represents the number of diagrams at a given step. 



^ ^'^^ U U •■ U Wj^k^' 

Tk 




{Sn-l} 



u u •• u nc„::"-^-x{<5„-r}x 



{S,} X {e} 



X {Si} X {e} 



Figure 11. 



For all object P of M we have ipk{P) = (xik,yik,X2k,y2k,X3k,y3kh for 
2"^^ < k < 2" — 1, where in the local chart Xik = Xik{s,6i, ..,5n-i) and 
Vik = yik{£,Si, ..,(5„_i) given by 



1 



Vik 



Xik(e,Si,..,S„-i}+S„-i rtn-i+S, 



Sn-l-Ae Jx,k{e,Si,..,S„-i) 



ti+e 



f{to)dto..dtn~l, 



(28) 



for i=l,2,3, V(5i,..,5„_i G [0,1], Ve e TZf, and aj = + for example. For the 
value a-j — ~, one have to consider T ^ , instead of T ^ ^^^ in the formula 
((28l) . The translation Tk is given by 



Tk{xik,yik, X2k,y2k, X3k,y3k) = (a;ifc+(5„-i, yifc, a;2fe+5ri-i, y2fc, x3k+Sn-i,y3k), 

(29) 



23 



and we have the following theorem 

Theorem 30. If M is a fractal manifold introduced by definition \^% 
then Vn > 1, tiiere exist a family of homeomorphisms ipk, and a family of 
translations Tk for 2'^~^ < k < 2" — 1, such that one has the 2"~^ diagrams 
given Fig.ll. 

Proof The result is obtained by induction over the steps n. D 

Remark. 1) The step 2 corresponds to the procedure given by corollary 
[28] which is a transformation of one string of length L to one surface. To make 
a smaller transformation, we can use the lemma [26] and then we will obtain a 
transformation of one string of length L to one smaller surface. 

2) The transformation does not affect the length L of the string for a given 
small resolution domain TZf of a nowhere differentiable function. If TZf —]0, 1] 
the we will have L = 1. We can choose the length of the string as smaller as 
we want by TZf =]0, a], where a is a small real number a <ti 1 and then we 
obtain L = a. 

3) In general a fractal manifold provide a variable tree (See Fig. 12), and 
using Theorem[30]we can see that the charts of the fractal manifold are changing 
at every step. Following the given tree we can see that 

In the step 1, the local chart is given by a triplet (fi, ipi,Ti o ipi). 

In the step 2, the local chart is given by the quintuplet (f2, i/^i, ^2, "^Si "04) 
given by (f2, ip2 ° ^i,T2 o ip2 o ipi,ip3 o Ti o ipi^T^ o ip^ o Ti o ipi).. etc. That is 
why we call it a fractal manifold. 

In the diagram given by Fig. 12 the following notation are used for simplicity 

i) Ng^ = nj=i ^11 ^ {'^o}, en ~ ±5 and the integrals used in this sets are 

given by vt = ^ f{t)dt, and y.r = — / f{t)dt. 

OO Jx^(Sa) "0 Jx^(So)-So 

ii) N^sos: = nil ^1C X {^1} X {-^o}' ('^i ' ^2) = (±, ±), and the integrals 
used in this sets are given by 

1 (■2;ii(i5o,i5i)+(5i rti+So 

yi^ = Tl~ / fito)dtodti, for (ai, cr2) = (+, +), 

"OOl Jxii(So,Si) Jti 

yi-2 = T-l~ / f{to)dtodti, for ((71,(72) = (+,-), 

"OOl Jxi2{So,5i) Jti-So 

y^^^T^l / f{to)dtodti, for (cri, (72) = (-, +), 

OoOl Jxi3{5„,Si)-Si Jfi 

yi^""Tl~ / f{to)dtodti, for (ci, (72) = (-, -), 

"OOl Jxii{So.5i)-5i Jfi-5a 
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etc... 



Fractal Manifold 







•^2 



U Kt U Kl 



fa 




\T4 O (^4 / \r5 O (^5 / VTq OipQ I \Tr O ipi 




U ^<5o<5i^2 \ U ^<5o<5i<52 \ U ^<5o<5i<52 \ U ^<5o<5i<5: 

52S1S0 \<52<5i<5o \<52<5i<5o \<52<5i<5o 




T30 (^3 



U ^iot U ^ioi. 

SiSa/\ Si So 




U ^<5o<5i<52 U ^<5o<5i.52 U ^<5o<5i^2 U ^<5o<5i^2 

S2S1S0 S2S-LS0 S2S-LS0 S2S-LS0 



Figure 12. A fractal diagram of a fractal manifold 



4.3 Relationship with classical point 

We start this part by an example of fractal manifold. 

Example. Let r= be the graph of the mean function f{x, |) of a differ- 
entiable function / at | resolution, and r+ be the graph of the right mean 
function f{x + |, |) of / at e resolution. We define 

^s:r.— ^,(r.) T^:^,(r=)-.r+ 

We see that: 

1) (fg and T-e are continuous: each coordinate function is continuous, as 
composite function of continuous functions. 
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2' 2 



)) 



2) fg^, and T_^ exist, with: ip^ ^{x,y{x,e)) — {x ~ f ,y(a 
eiiidTZ}{x,y)^{x + ^,y) 

3) 1^9""'^ and TZ^ are continuous for the same reason as ip^ and T-e . Then 

T-e o (^j is an homeomorphism from F^ to F^. It is not difficult to generaUze 
the homeomorphism for the product of three graphs. Conclusion, we obtain an 
homeomorphism 0£ : ni=i ^^ ^ {^} — ^ Ili^i ^te ^ i^i' ^^'^ then we obtain 
the following diagram given in Fig. 13 



Me-nlir+xM 



Tr O 



^ ntir+x{e} 



nLir-x{e}. 



Figure 13. Diagram of |-manifold 

3 
An internal structure can be found on I J TTf^ x {e}. 

eelZf 4=1 
3 

Indeed, V P G [J JJ^r^*^ x {e}, there exists e' G TZf such that 

F = a;(£') = (xi,y{xi,e'),X2,y{x2,e'),X3,y{x3,e')j withy(xi,e') = Mxi,^) 
for i = 1,2,3, and where a, C^ parametric path x is given by 

x-.Uf^ \J,en, nil r+. X {£} 

£1 — > x{e) = (^a::i,2/(xi,e),a;2,y(a;2,£),a;3,?;(x3,£)j G HLi Ti*. x {e}. 



(30) 



and we have V£ G TZf, Range{x)r\]\^^^ F^ x {e} = -^ a;(£) L the x^ are constant 

and the y{xi, e) are of class C^ for i = 1, 2, 3. Using the definition!^ we obtain 
then a fractal manifold 



eeT?./ ee'R-/ 4=1 



(31) 
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and we have the following diagram: 



^^= u riTf xM 



eeTZf i=l 



(Te o 4)^)^ 



Ue7z/nliri)x{e} 



{Te)e 



Ue7z,(ntir-)x{e}. 



Figure 14. Example of fractal manifold Ueptc 11^=1 Tie x {e} 



\/ 




unreachable 
point 



Nowhere differentiable 



V 





classical point 



Differentiable 



Figure 15. One illustration of the process mean of the mean 



On one hand, we have 0^=1 '^% ^ {^1 homeomorphic to M , then the set 
M given by the formula (pij) is homeomorphic to M , and the elements of this 
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set are points (classical definition). On another hand, the set M given by the 
formula ([3T|) is a fractal manifold, where the elements are objects given by 
(|^ . We observe two kinds of objects obtained by the process mean of mean: 
one concerning nowhere differentiable function, and another one concerning 
differentiable function (see Illustration Fig. 15). 

As we can see, the mechanism is the same, the only difference is the ap- 
pearance of discontinuity. 

If we consider only the mean function H]) of / ( and not the right- left mean 
function), the same construction leads us to obtain a differentiable family of 
manifold given by M = UegK^Afe, but this family (Af^) to doesn't give us 
an appearance of new structure: indeed, Ve G 7?,/, we obtain the same local 
object, and then we have the same object (only one string) for differentiable 
and nowhere differentiable functions. 

Following Remark (4.2 Substructure) , the dimension of a fractal manifold 
is variable. It varies between 5 and infinity. More details will be given in [5] 
about a non linear analysis on fractal manifold, and details will be given about 
the nature of the expansion into this kind of manifold in ^ . An application 
in modern cosmology will also be given in [3] using fractal manifold. Wc con- 
structed a geometric space which is neither a continuum nor a discrete space, 
but a mixture of both. Locally this space is a disjoint union over e g]0, a] 
of a family of two ordinary continuums. Space acquires a variable geometry, 
namely, it becomes explicitly dependent on the resolution. However, following 
this framework, the geometry of space is assumed to be characterized not only 
by curvature, but also by appearance of new structure at every step. The clas- 
sical differentiable geometry doesn't give us useful information of this kind of 
double space, however one should construct a non linear analysis over this kind 
of manifolds. 
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